Abstract. We discuss L p fiber spaces which appear, e.g., as extrapolation spaces of unbounded multiplication operators which in turn are motivated, for instance, by non-autonomous evolution equations.
Introduction
Nagel-Nickel-Romanelli studied extrapolation spaces for unbounded operators in their paper [10] in Quaest. Math. in 1996. This paper extends this work by considering another scenario where extrapolation spaces occur.
It is motivated by non-autonomous Cauchy problems. Such a problem can be treated as an abstract Cauchy problem on a Banach space X. It takes the form
u(t) = A(t)u(t), t, s ∈ R, t ≥ s, u(s) = x, (nACP)
where (A(t), D(A(t))) t∈R is a family of linear operators on X (see [3, Chapter VI, Section 9] ). The solution of such a problem, if it exists, is given by a so-called evolution family (U (t, s)) t≥s , see [4, Chapter VI, Def. 9.2]. One of the problems of evolution families is that, in contrast to C 0 -semigroups, they do not yield a differentiable solution, e.g., it is possible that the map t → U (t, s)x is differentiable only for x = 0. However, if we have a solution by means of an evolution family, we obtain a differentiable structure by means of a strongly continuous semigroup (T (t)) t≥0 on the Bochner space L p (R, X) (1 ≤ p < ∞) by (T (t)f )(s) := U (s, s − t)f (s − t), t ≥ 0, f ∈ L p (R, X), s ∈ R (see [3, Chapter 9 , Part b., especially Remark 9.12)]). One important challenge is to determine the exact domain of the corresponding generator (G, D(G)), since it determines the space of differentiability for the semigroup, cf. [4, Chapter II, Lemma 1.3] . By [11, Thm. 3.4.7] operator-valued multiplication operators now arise naturally. Indeed, the evolution family provides a solution to (nACP) if and only if there exists an invariant core
where A(t), t ∈ R, is the family of linear operators in (nACP). One answer, in the special case where A(t) ≡ A for some semigroup generator (A, D(A)), is due to Nagel, Nickel and Romanelli [10, Sect. 4] . In [6] T. Graser studied bounded and unbounded operator-valued multiplication operators on the space of continuous functions C 0 (R, X) as well as their extrapolation spaces. We will see that extrapolation spaces of multiplication operators on L p (R, X) can be constructed similarly.
Later on, S. Thomaschewski studied properties of such multiplication operators on Bochner L pspaces [11, Sect. 2.2 & 2.3] in connection with non-autonomous problems. In particular, she connects multiplication semigroups with unbounded operator-valued multiplication operators. In order to construct our extrapolation spaces, the notion of fiber integrable functions is essential and leads to so-called L p fibre spaces, see [8] .
We start this paper with some preliminaries on fiber integrable functions and continue with unbounded multiplication operators in the second section. In Section 3 we discuss multiplication semigroups whose generators are multiplication operators. Furthermore, we determine the extrapolation spaces of such multiplication operators by means of L p -fiber spaces. We remark that the results of this paper appear in similar fashion in [ 
The set of fiber measurable functions on Ω together with the pointwise addition and scalar multiplication is a C-vector space, which we will call a measurable Banach fiber bundle.
Having the concept of measurability we continue with the notion of integrability for functions from Ω to measurable Banach fiber bundles, see [8, Def. VI. 
Remark 1.4. (i)
Observe that the set of fiber p-integrable functions with pointwise addition and scalar multiplication is a vector space.
(ii) The relation defined by f ∼ g ⇔ f = g µ-almost everywhere is an equivalence relation on the set of fiber p-integrable functions.
(iii) The set of equivalence classes of fiber p-integrable functions with the canonical vector space structure is called a L p -fiber space and is denoted by
is a Banach space with respect to the L p -fiber norm.
(v) The notion of L p -fiber spaces is closely related to the one of measurable Banach bundles, cf. [7] and [5] .
Operator-valued multiplication operators
The main objects of this section are operator-valued multiplication operators, cf. 
is called the corresponding operator-valued multiplication operator. The operators (M (s), D(M (s))), s ∈ Ω, are called fiber operators.
As already mentioned in the beginning, the concept of unbounded multiplication operators was studied by S. Thomaschewski [11] on Bochner L p -spaces in connection with non-autonomous Cauchy problems. Here we summarize some important results. 
Lemma 2.3. Let (M, D(M)) be a multiplication operator and assume that λ ∈ ρ(M) where ρ(M) denotes the resolvent set of M. Then R(λ, M) is a bounded multiplication operator, i.e., there exists
Unfortunately, since the proof of the above lemma uses a characterization of bounded multiplication operators, the converse cannot be proved in a similar way and has not been proved in general, cf. (M (s), D(M (s) )) s∈Ω . Furthere there exists a µ-null-set N such that for every s ∈ Ω \ N and for each n ∈ N one has λ n ∈ ρ(M (s)).
Theorem 2.4. Let (M, D(M)) be a densely defined closed von L p (Ω, X). Assume that there exists an unbounded sequence
(λ n ) n∈N in ρ(M) such that for all f ∈ L p (Ω, X) one has lim n→∞ λ n R(λ n , M)f = f . If R(λ n , M
) is a bounded multiplication operator for every n ∈ N, then there exists a family (M (s), D(M (s))) s∈Ω of densely defined closed operators on X such that (M, D(M)) is a multiplication operator with fiber operators
Finally, if (M, D(M)) is already supposed to be a multiplication operator on L p (Ω, X), then the resolvent of M and the resolvents of the fiber operators are related by the following result [11, Prop. 2.3.7] .
Proposition 2.5. Let (M, D(M)) be a closed multiplication operator with closed fiber operators
In [11, Sect. 2.2.3] S. Thomaschewski studies multiplication semigroups on L p (Ω, X). The definition is as follows.
is called a multiplication semigroup if for every t ≥ 0 the operator T (t) is a bounded multiplication operator, i.e., for every t ≥ 0 there exists
By [11, Thm. 2.3 .15], stated below, these multiplication semigroups have unbounded multiplication operators as generators.
Theorem 2.7. Let (M, D(M)) be the generator of a strongly continuous semigroup
ωt for some M ≥ 0, ω ∈ R and for all t ≥ 0. The following are equivalent.
(a) (T (t)) t≥0 is a multiplication semigroup.
(b) (M, D(M)) is an unbounded operator-valued multiplication operator with fiber operators
(M (s), D(M (s))) s∈Ω . Moreover, for µ-almost every s ∈ Ω, λ ∈ ρ(M (s)) whenever Re(λ) > ω, (R(λ, M)f )(·) = R(λ, M (·))f (·) and (M (s), D(M (s))) is the generator of a C 0 -semigroup (T s (t)) t≥0 such that (T (t)f )(s) = T s (t)f (s) for all t ≥ 0.
Extrapolation of unbounded multiplication operators
We recall the construction of extrapolation spaces of unbounded operators, as described, for example, in [4, Chapter II, Sect. 5(a)], [9] or in a more general framework in [2] : Let (T (t)) t≥0 be a C 0 -semigroup on a Banach space X with generator (A, D(A)). Without loss of generality one may assume that 0 ∈ ρ(A). On X one defines a new norm · −1 by
The completion of X with respect to · −1 is called the (first) extrapolation space and will be denoted by X −1 . The original space X is densely embedded in X −1 . By continuity one can extend the original semigroup (T (t)) t≥0 to a C 0 -semigroup (T −1 (t)) t≥0 on X −1 . The corresponding generator is denoted by (A , s ∈ Ω, generates a C 0 -semigroup (T s (t)) t≥0 . We assume without loss of generality that 0 ∈ ρ(M (s)) for µ-almost every s ∈ Ω. The extrapolated operators will be denoted by
The extrapolation space of L p (Ω, X) corresponding to the operator (M, D(M)) will be denoted by X := (L p (Ω, X)) −1 (M). By the extrapolation procedure described above, X is formally given by
turns X into a Banach space. 
This defines a C 0 -semigroup on X which is generated by the operator
Proof. First of all, to see that (S(t)) t≥0 is indeed a semigroup is easy, since (T −1,s (t)) t≥0 is a semigroup for each s ∈ Ω. As a matter of fact, (T −1,s (t)) t≥ is an extension of (T s (t)) t≥0 for each s ∈ Ω and hence (S(t)) t≥0 extends (T (t)) t≥0 . Since, by construction, L p (Ω, X) is dense in X , the semigroup (S(t)) t≥0 is strongly continuous. In order to show that the generator of (S(t)) t≥0 is of the form mentioned in the lemma, let us denote the generator of (S(t)) t≥0 by (A, D(A)). We will show that (A, D(A)) = (M −1 , D(M −1 )). Firstly, assume that f ∈ D(A), then since λ ∈ ρ(M −1 (s)) for all λ > ω and almost every s ∈ Ω we conclude that λ ∈ ρ(M −1 ). By assumption (A, D(A)) is the generator of (S(t)) t≥0 with S(t) ≤ M e ωt meaning that λ ∈ ρ(A). From surjectivity one obtain f ∈ D(A), g ∈ X and h ∈ D(M −1 ) satisfying the following equality
showing that A ⊆ M −1 . For the converse, let f ∈ D(M −1 ) and observe that from the fact f (s) ∈ D(M −1 (s)) for almost every s ∈ Ω one conclude that (S(t)f )(s)−f (s) = T −1,s (t)f (s)−f (s) = The previous result shows actually that the extrapolated multiplication operator is again a multiplication operator. In this case the fiber operators are the extrapolated fiber operators (M −1 (s), D(M −1 (s))) s∈Ω , i.e., (3.1) holds. We now characterize the space X := (L p (Ω, X)) −1 (M). Assume that the Banach space X we are working with is separable, i.e., there exists a countable dense set in X. Denote the extrapolation spaces corresponding to the fiber operator (M (s), D(M (s)) by X −1,s , · −1,s , s ∈ Ω. The following result prepares for the extrapolation procedure. . 
